Cumulative Prospect Theory (CPT) is a modeling tool widely used in behavioral economics and cognitive psychology that captures subjective decision making of individuals under risk or uncertainty. In this paper, we propose a dynamic pricing strategy for Shared Mobility on Demand Services (SMoDS) using a behavioral model based on CPT. This dynamic pricing strategy together with dynamic routing via an optimization algorithm that we have developed earlier, provide a complete solution customized for SMoDS of multi-passenger transport. The basic principles of CPT and the derivation of the passenger behavioral model in the SMoDS context are described in detail. The implications of CPT on dynamic pricing of the SMoDS are delineated using computational experiments involving passenger preferences. These implications include interpretation of the classic fourfold pattern of risk attitudes, strong risk aversion over mixed prospects, and behavioral preferences of self reference. Overall, it is argued that the use of the CPT framework corresponds to a crucial building block in designing socio-technical systems by allowing quantification of subjective decision making that is perceived to be otherwise qualitative.
Introduction
Until recently, available solutions for urban transportation have been clearly binary, with the first option represented by public transportation that provides low cost and reduced flexibility and the second corresponding to private automobiles that have high cost and improved flexibility. Emergence of ride sharing platforms such as Uber, Lyft, and Didi Chuxing have changed this landscape, introducing a continuum of services at various levels of cost, flexibility, and carbon footprint. With a projection of a total number of 2 billion vehicles on roads by the year 2035 [1] , the emergence of new concepts such as Mobility on Demand [2, 3] are urgently needed. One such paradigm is the notion of Shared Mobility on Demand Services (SMoDS), which consists of customized dynamic routing and dynamic pricing for multiple passengers. This paper pertains to a SMoDS that can provide a customized combination of affordability, flexibility, and carbon footprint. We build on our earlier work in [4] and [5] , and offer a solution based on Cumulative Prospect Theory for determining dynamic tariffs.
The results of [4] correspond to designing dynamic routes for passengers who request the SMoDS, based upon the requested pickup, drop-off locations, and a pre-specified bound on the walking distance by each passenger. An Alternating Minimization (AltMin) based algorithm was presented that optimizes a relevant time cost. The SMoDS server then offered pickup and drop-off locations as well as walking, waiting and riding times to each passenger via the AltMin algorithm. The notion of Transactive Control in [5] was introduced to enable the SMoDS to offer a dynamic tariff to the passenger which can serve as an incentive for the decision on the offer. A passenger behavioral model based on Utility Theory [6] was derived, with the utility of the passenger being a function of both travel times and price. The resulting socio-technical model that combines the passenger behavioral model and the optimization of dynamic routes was used to derive a desired probability of acceptance that led to the average estimated waiting time of passengers on the SMoDS platform be regulated around a desired value. The derivation of the actual dynamic tariffs was however not addressed and assumed to be such that the desired probability of acceptance from each passenger was realized.
The results mentioned above have two deficiencies. The first is that the passenger behavioral model is significantly more complex than that considered in [5] . Strategic decision making, adjustments based upon framing effect, loss aversion, and probability distortion are several key features related to subjective decision making of individuals when facing uncertainty, which makes classic Expected Utility Theory (EUT) inadequate. And an intrinsic feature of the SMoDS is uncertainty in the realized travel times as the route of the passenger could be updated at any time due to the need to accommodate new passengers during the current ride. An important concept that can be utilized towards a more accurate behavioral model for decision making under uncertainty is Prospect Theory [7, 8] in general, and Cumulative Prospect Theory (CPT), in particular, where the distortion is applied to cumulative probabilities so as to avoid violations of first order stochastic dominance [8] . The second deficiency is the lack of focus on specific dynamic tariffs related to the SMoDS. We address both of these deficiencies in this paper.
The main contribution of this paper is a CPT based dynamic pricing strategy, where decisions of passengers are based on the subjective utility of the travel times and the tariff offered by the SMoDS. The overall framing, probability distortion, parameterization of the behavioral model, and impact of risk attributes on dynamic pricing are all discussed. Computational experiments involving passenger preferences are exploited to analyze various scenarios of passenger's risk attitudes via the proposed CPT based behavioral model.
Since being introduced by Kahneman and Tversky in 1979 [7] , Prospect Theory has achieved remarkable successes in behavioral economics [9] and cognitive psychology [10] . Until recently, PT has been widely applied in engineering applications where uncertainty plays an importance role, such as cloud storage defense [11] , energy storage of smart grids [12] , and common-pool resource sharing [13] . In the context of transportation, PT has been explored in [14] through a Stackelberg Games that studies the interplay between the objectives of individual travelers and that of the policy maker, and in [15] through travelers' route choices when the travel times are uncertain and derives the static tolls that result in the optimal system performance. Though PT has been investigated in the area of smart cities/transportations and asset pricing [16] , to the best of our knowledge, no prior work has been reported related to the applications of PT in SMoDS or for evaluating dynamic tariffs.
Dynamic Routing and Dynamic Pricing
The problem considered in this paper is a SMoDS which accommodates ride requests from passengers in real time. The overall schematic of the CPT based dynamic pricing strategy is illustrated in Fig. 1 , which consists of three main building blocks. The first block updates the dynamic route for each passenger via the AltMin algorithm developed in [4] when a new request is received, and calculates the updated EWT(t) right after the moment of request if the passenger decides to accept the offer. EWT(t) denotes the average Estimated Waiting Time of all passengers who are in the pickup queue at timestamp t, i.e., have accepted the SMoDS offers but are yet to be picked up. Given the definition, it is easy to see that EWT(t) can be regarded as a Key Performance Indicator (KPI) [17] to measure the degree of balance between demand and supply. We therefore apply this KPI as a desired target, EWT * , of economic efficiency of the proposed SMoDS platform. The second block determines the desired probability of acceptance p * for the new passenger required by the SMoDS platform so as to ensure that the expected EWT(t) after the passenger's decision approaches EWT * [5] . Finally, the third block utilizes the CPT framework to determine the dynamic tariff γ that will nudge the passenger towards p * , and forms the focus of this paper. The details of the first two blocks are described in Sections 2.1 and 2.2 respectively. With this overall background, we then proceed to elaborate the CPT framework starting from Section 3. 
Dynamic Routing via AltMin Algorithm
An AltMin based optimization algorithm is developed in [4] to design the optimal routes given the requested pickup, drop-off locations, and pre-specified bounds on the walking distances by the passengers, using an objective function that minimizes a weighted sum of various travel time cost terms, including the total travel time of the vehicle, the walking, waiting, and riding times of each passenger. The optimization procedure is carried out iteratively by determining a set of routing points through which the vehicle picks up and/or drops off passengers, and the sequence at which these routing points are visited. It has been demonstrated in [4] that the AltMin algorithm is capable of accommodating real time requests, and outperforms standard Mixed Integer Quadratically Constrained Programming based approaches with an order of magnitude improvement in computational efficiency and with comparable optimality.
Dynamic Pricing via Utility Theory
The behavioral model of passengers in [5] was based on utility theory and utilized to determine the probability of the passenger to accept the SMoDS offer. For this purpose, a utility function of taking any transportation option u = a 1 t walk + a 2 t wait + a 3 t ride + bγ + c
was proposed, where t walk , t wait , t ride denote the walking, waiting, riding times, respectively, γ denotes the tariff, and c denotes a constant summarizing all other unobservables that might count, such as the need for private space, the positive externalities of reducing greenhouse gas emission via sharing a trip. a 1 , a 2 , a 3 and b are nonpositive weights which depend on the passenger preference regarding the transportation option. If the resulting utility is denoted as U perceived for the SMoDS, with U j ∈ R, j ∈ {1, · · · , N } corresponding to the perceived utility of all N ∈ Z >0 available transportation options ro choose from, the probability of accepting the SMoDS offer can be determined using discrete choice model [18] as
While (2) denotes the actual probability that the passenger will accept the SMoDS offer, from the perspective of the SMoDS server, it is desired to provide a service that generates the desired collective performance for the platform. Let EWT(t − ) and EWT(t + ) denote the value of EWT(t) immediately before timestamp t, and right after timestamp t with the new passenger taking the offer. With this in mind, for the request received at t r , a desired probability of acceptance p * was chosen to be a function of ∆EWT(t r + ) = EWT(t r + ) − EWT * such that ∆EWT(t) was regulated around zero in [5] . In general one can design p * as
with the mapping H(·, ·|·) designed such that the expected EWT(t r + ) after the decision of the passenger approaches EWT * . It was demonstrated in [5] that H(·, ·|·) can be chosen such that an overall acceptance rate close to 80% can be realized along with managing to regulate EWT(t) around EWT * . This is comparable to the statistics of 60-70% reported in other ride sharing platforms [19] . We will therefore attempt to design the dynamic tariffs for the SMoDS using such a p * as the targeted probability of acceptance.
Behavioral Model using CPT
An important feature in the SMoDS is the presence of uncertainty, as the vehicle has to accommodate new passengers at anytime in the route. As a result, the scheduled pickup and drop-off times for a given passenger may stochastically vary over an interval (see Fig. 2 ), making the SMoDS an uncertain prospect, i.e., a prospect with stochastic outcome, which leads to the usage of CPT. In contrast, certain prospects are ones whose outcomes are always deterministic.
The key axioms of CPT state that when making decision under uncertainty, individuals normally perceive the utility in a subjective and irrational fashion influenced by the following: [7, 8] Framing effect: Individuals value prospects with respect to a reference point instead of an absolute value, and perceive gains and losses differently.
Loss aversion: Individuals are affected much more by losses than gains.
Diminishing sensitivity: In both gain and loss regimes, sensitivity diminishes when the prospect gets farther from the reference. Therefore, the perceived value is concave in the gain regime and convex for losses.
Probability distortion: Individuals overweight small probability events and underweight large probability events. A quantitative description of theses axioms is enabled by defining V (·) the value function and π(·) the probability weighting function, both of which are illustrated in Fig. 3 . The details of the two functions are elaborated as follows. We first define U as a random variable to denote the objective utility of an uncertain prospect, and F U (u) as the corresponding Cumulative Distribution Function (CDF). If U takes on discrete values u i ∈ R, ∀i ∈ {1, . . . , n} and u 1 < · · · < u n , where n ∈ Z >0 is the number of possible outcomes, one can determine the objective utility U o as the expectation of U according to EUT [6] , i.e.,
where p i ∈ (0, 1) is the probability of outcome u i , and
The subjective utility U s R perceived by the passenger within the CPT framework is given by
where R denotes the reference corresponding to the framing effect 1 , and w i denotes the weighting that represents the subjective perception of p i . Suppose that k out of the n outcomes are losses, 1 ≤ k ≤ n, and the rest are non-losses, i.e.,
where we let F U (u 0 ) = 0 for ease of notation.
In what follows, we will adopt the representations for V (·) and π(·) as in [8] and [20] , given by
It is clear that in contrast to U o , U s R is centered on R, loss aversion is captured by choosing λ > 1, and diminishing sensitivity by choosing 0 < β + , β − < 1. The probability distortion is quantified by choosing 0 < α < 1. The extension from (5) to the continuous case of U s R is
CPT based Passenger Behavioral Model in SMoDS
The overall passenger behavioral model that we will derive in this section consists of a subjective utility U s R and a subjective probability of acceptance p s R , both of which will be determined using CPT. The interpretation of risk attitudes, reference points, subjective weighting of probability distributions, and key properties of CPT in the SMoDS context are the topics of Sections 4.1 through 4.5.
Objective and Subjective Utilities
The starting point of deriving U s R for the SMoDS is the determination of possible outcomes of its objective utility. In order to accommodate the stochastic aspects of travel times, the possible realization of the objective utility u in (1) is replaced by a random variable
where bγ depends on the tariff from the SMoDS ride offer and is deterministic once the offer is given, and
captures the uncertainty in travel times and is stochastic. Each term of the travel times is assumed to lie within a known interval specified by the SMoDS offer, defined as T walk ∈ [t walk , t walk ], T wait ∈ [t wait , t wait ], T ride ∈ [t ride , t ride ]. From these bounds one can determine x and x, which correspond to the worst and the best cases of the travel times, respectively, and X ∈ [x, x] with the CDF F X (x). Note that F X (x) = F U (x + bγ) from (10). With U defined in (10)- (11), the subjective utility U s R is calculated via (5)- (11), and objective utility U o as in (4) . The dependence of U s R on R is described in Section 4.3.
Interpretation of Risk Attitudes
As has been shown in (2) , the evaluation of the probability of acceptance requires the utility of the alternative transportation options available to the passenger. Without loss of generality, each passenger is assumed to choose between two options, the SMoDS and another option such as public transportation, UberX, which is considered as a certain prospect 2 therefore with objective utility being a constant A o ∈ R. The objective probability of acceptance is given by
where A o can be calculated using (1) . The subjective probability of acceptance is given by
where A s R denotes the subjective utility of the alternative perceived by the passenger, which can be derived via (1), (5), and (7).
We now interpret the risk attitudes of passengers based on the above objective and subjective probabilities of acceptance. Since the alternative is certain, a higher probability of acceptance indicates an attitude that is more risk seeking. A passenger who is inclined to choose p o is regarded as rational. If p s R > p o , a passenger is said to be risk seeking compared with rational passengers, and for any two references R 1 and R 2 , if p s
, the passenger with reference R 1 is said to be more risk averse than the passenger with reference R 2 , and risk seeking if the inequality is reversed.
Reference Points
The central parameter related to CPT is R, and is discussed in this subsection. Three different categories are considered:
(i) Static reference points: These correspond to any fixed quantities that are independent on the SMoDS offer. Examples include the objective utility of the alternative, i.e., R = A o , or the utility of making the trip itself, independent of the transportation modes, to the passengers.
(ii) Dynamic reference points: Here R is dependent on the uncertain prospect itself. In the SMoDS context, R can be chosen as R =x + bγ, wherex could be x, x, E f X (X), or any statistics preferred by the passenger. All of these examples however still correspond to deterministic references.
(iii) Stochastic reference points: Instead of the above two categories, it is possible for the reference point itself to vary stochastically. However, little evidence has been found that supports the usage of this case [21] , and hence we do not consider it in the rest of the paper.
Subjective Weighting of Probability Distributions
In this subsection, we discuss the subjective perception of a probability distribution f X (x) by the passenger. f X (x) denotes Probability Mass Function (PMF) if X is discrete, or Probability Density Function (PDF) if X is continuous. In the current problem, f X (x) represents the passenger's prediction on how long the actual travel times will be within the given intervals offered by the SMoDS.
Therefore f X (x) is objective and based upon the passenger's prior experience and assessments of demand at the time of request. In what follows, we address f X (x) in both discrete and continuous cases.
Continuous Distributions
In some cases, the underlying distribution can be a truncated Normal distribution of the form
where µ = x+x 2 and σ = x − x denote the mean and standard deviation, respectively, and Z n =
where (15) and (16) correspond to an optimistic and a pessimistic subcase, since the corresponding mode is at x and x, respectively.
Discrete Distributions
A reasonable choice for this case is a truncated Poisson distribution of the form
where K ∈ Z >0 and k ∈ {0, . . . , K} denote the maximum and the actual number of possible delays, respectively, λ P > 0, and
> 0 is the normalization constant. The truncated Poisson distribution reflects the number of possible delays due to accommodating new passengers during the ride. Each additional delay is assumed to result in the same marginal increase in travel times, hence the support of f P X (x) is (K + 1) disjoint points uniformly spaced in [x, x] . The values of K and λ P will be specified in Section 5.
With the objective probability distributions f X (x) defined in (14)- (17), and the reference R specified, the subjective probability weighting can be derived using (6), and (8)- (9) . In turn, U s R and p s R can be derived using (5), (9) and (13), which completely specifies the behavioral model of a passenger.
Key Properties of CPT based Behavioral Model
With the subjective utilities, risk attitudes, reference points, and subjective weighting of probability distributions delineated as above, we now derive four properties of the overall passenger behavioral model.
The first two properties are related to static and dynamic references, and are stated in Property 4.1 and 4.2 below. These are helpful in determining the dynamic tariff γ that allows p s R to reach p * , the desired probability of acceptance. Property 4.1. Given any static reference point R ∈ R, p s R strictly decreases with γ.
Property 4.2. Given any dynamic reference point in the form of R =x + bγ,x ∈ R, p s R strictly decreases with γ. 
Implications of CPT using Computational Experiments
In this section, three different implications are drawn using computational experiments in order to illustrate subjective decision making of passengers, and how they can be utilized to develop the dynamic pricing strategy for the SMoDS.
Determination of Parameters
The discussions in Sections 2 through 4 show that a number of parameters related to the CPT framework have to be determined. These include α, β + , β − , λ defined in V (·) and π(·), a 1 , a 2 , a 3 , b, c utility coefficients defined in (1), t walk , t wait , t ride travel times of both the SMoDS and the alternative, and the price of the alternative. Table 1 summarizes the values of the parameters that we used in order to carry out the studies reported in this section. In particular, α was estimated from a recent survey study on passenger preference under risk regarding transportation options conducted in Singapore involving 1, 142 participants with various demographics [22] , and β + , β − , λ are from [8] . In what follows, UberX is regarded as the alternative. The utility coefficients [a 1 , a 2 , a 3 , b, c] of both SMoDS and UberX were estimated from the same survey study in [22] . A dynamic routing problem of sixteen passengers using real request data from San Francisco was considered (see [5] for details), and the request from the 6 th passenger was used for the computational experiments in this section. The AltMin algorithm developed in [4] was applied to derive the route and therefore the corresponding travel times of the SMoDS. The constraints on the possible delay were set to be at most 4 minutes of extra waiting and riding. respectively. For the same request, the travel times and price of UberX was retrieved from [23] .
Using the utility coefficients, travel times and price listed in Table 1 , the objective utility of UberX A o = −5.17, and x = −3.47, x = −3.07 of the SMoDS are calculated, using (1) and (11) . Note that A o , x, x are negative as they represent travel costs.
With the above numerical values in place, we explore the three implications: (i) fourfold pattern of risk attitudes, (ii) strong aversion of mixed prospects, and (iii) self reference.
Fourfold Pattern of Risk Attitudes
The fourfold pattern of risk attitudes is regarded as "the most distinctive implication of prospect theory" by Tversky and Kahneman [8] , which states that when facing an uncertain prospect, the risk attitudes of individuals can be grouped into four categories:
(a) Risk averse over high probability gains.
(b) Risk seeking over high probability losses.
(c) Risk seeking over low probability gains.
(d) Risk averse over low probability losses.
These risk attitudes are often used to justify subjective decision making of individuals for problems such as settlements of civil lawsuits, desperate treatments of terminal illnesses, playing lotteries, and getting insurance coverage.
We now illustrate the fourfold pattern in the SMoDS context using the following scenario, which corresponds to the classic setup for the analysis of the fourfold pattern [8] : Individuals decide between two options, a certain prospect and an uncertain prospect with two outcomes. The uncertain prospect is the SMoDS, which we assume obeys a truncated Poisson distribution with K = 1, i.e., the passenger is subject to at most one delay. Therefore, the two possible outcomes of the SMoDS are (x + bγ) and (x + bγ). The corresponding probabilities can be determined using (17) as
The four scenarios above are realized through suitable choices of R and λ P as follows. R is chosen to be either (x + bγ) or (x + bγ), the SMoDS is a gain if R = x + bγ and a loss if R = x + bγ. The SMoDS is considered high probability or low probability when the outcome that is not regarded as the reference can be realized with a probability of p NR or (1 − p NR ) respectively, where p NR is close to 1. In the computational experiments presented in Fig. 4 , p NR = 0.95. Moreover, the range of the tariff is chosen as follows
such that the objective utility of the certain prospect, A o , lies in the same gain or loss regime as the SMoDS and therefore represents a reasonable alternative to the SMoDS. With the uncertain and the certain prospect defined in the SMoDS context above, we illustrate the fourfold pattern in Fig. 4 using four quadrants. According to the fourfold pattern (a)-(d), the diagonal quadrants should correspond to risk averse behavior while the off-diagonal ones are risk seeking. In each quadrant, we plot a metric defined as RA = (U o − A o ) − (U s R − A s R ) with respect to the tariff γ. This metric captures the Relative Attractiveness that the uncertain prospect has over the certain prospect for rational individuals versus individuals modeled with CPT. This follows since according to (12) and (13), RA > 0 ⇒ p o > p s R . In Fig. 4 , we note that RA > 0 corresponds to all regions where the blue curve is above zero and indicates risk averse attitudes, as rational individuals have higher probability to accept the uncertain prospect than irrational ones. Similarly, RA < 0 corresponds to the blue line being below zero and denotes risk seeking attitudes. In each quadrant, two subplots are provided, where the subplot on the right corresponds to a specific set of parameters β + = β − = λ = 1 which completely removes the role of V (·), while the subplot on the left corresponds to all CPT parameters chosen as in Table 1 , and therefore a general CPT model. And as explained before, each quadrant corresponds to a specific choice of R and λ P , which together determine if an outcome is a gain or loss, and is high or low probability. The most important observation from Fig. 4 comes from the difference between the left and right subplots in each of the four quadrants. For example, from Fig. 4(a) , all risk attitudes in the right subplot correspond to RA > 0 and therefore risk averse, while those on the left are only risk averse for a certain price range. That is, the four fold pattern is violated in the left subplot. The same trend is exhibited in all four quadrants. This is because, the fourfold pattern is due to the interplay between π(·) and V (·) and is valid only when the magnitude of π(·) is sufficiently large relative to that of V (·), such that probability distortion dominates [24] . This corresponds to the right subplots 3 as well as the left subplots within certain price ranges.
High Probability
The implication that we obtain from the analysis of the fourfold pattern of risk attitudes is that the resulting four categories can suitably inform the dynamic pricing strategy in the SMoDS, through the left subplots. That is, it allows a quantification of two qualitative statements (1) the presence of risk seeking passengers gives flexibility in increasing tariffs, and (2) the presence of risk averse passengers requires additional constraints on tariffs.
Strong Risk Aversion over Mixed Prospects
The other implication of the CPT framework is strong risk aversion over mixed prospects. A mixed prospect is defined as an uncertain prospect whose portfolio of possible outcomes involves both gains and losses [7, 25] . Clearly, the uncertain prospect is always mixed when R corresponds to its expectation. The strong risk aversion of mixed prospects stems from loss aversion, as the impact of the loss component is often significantly larger than its gain counterpart. This implication will be illustrated below in the SMoDS context using two different interpretations.
The first interpretation follows from Property 4.3, which essentially states that when R =Ū , the subjective utility is strictly negative for a sufficiently large λ. Therefore, with R =Ū and such a λ, the uncertain prospect is subjectively perceived as a strict loss. This has been verified numerically using the distributions stated in Section. 4.4 with λ * = 2.25 as chosen in Table 1 . Since the objective utility relative to the expectation is neutral, hence strong aversion is exhibited.
The second interpretation follows from Property 4.4, which essentially states that when Property 4.3 holds, within the tariff range [λ, λ), the uncertain prospect is less likely to be accepted compared with the rational case, as p s is plotted, where the alternative is non-loss. Table 1 , we can compute γ ≈ $11 and γ ≈ $20. It is clear from the left subplot that within this price range, passengers exhibit strong risk aversion over the SMoDS, as the orange curve is strictly above the blue one. It is interesting to note that when β + = 1, which corresponds to the case when passengers are risk neutral in the gain regime, γ → ∞ (see Fig. 5(b) ).
The implication regarding strong risk aversion over mixed prospects is as follows: As the SMoDS has significant uncertainty, for passengers who regard the expected service quality as the reference, and when the alternative is relatively a non-loss prospect, strong risk aversion is exhibited. Hence the SMoDS is strictly less attractive to these passengers when compared to rational ones. Therefore, the dynamic tariffs may need to be suitably designed by the SMoDS server so as to compensate for these perceived losses. Rebates and subsidies may be a few typical examples.
Self Reference
In this section, we compare p s U with p s A o . The four different distributions defined in (14)- (17) are all considered. In each case, how these two probabilities vary with the tariff γ were evaluated. The results are shown in Fig. 6 . :Ū is essentially the rational counterpart of the uncertain prospect. Therefore, it could be argued that, when deciding between two prospects, the chance to accept one prospect is always higher if this prospect itself is regarded as the reference, compared with the case where the alternative is considered as the reference. This is due to loss aversion, i.e., λ > 1, and can be explained thus: When one prospect is regarded as the reference, by definition, it would never be perceived as a loss and therefore not experience the magnified perception out of losses, whereas the alternative may be subject to being regarded as a loss and therefore can experience this skewed perception. In contrast, if the alternative is chosen as the reference, the roles are reversed 4 . Moreover, the statement is in fact intuitive as those passengers who regard the expectation as the reference have in some sense already subscribed to the SMoDS, hence are naturally inclined to exhibit a higher probability of acceptance and therefore have higher willingness to pay. The last observation from Fig. 6 is the invariance of the comparison with the underlying probability distributions, which implies that the above implication on self reference are fairly general.
Other Remarks
In this entire section, the survey data collected from passengers in Singapore [22] has been used as the utility coefficients in Table 1 . The generality of the above observations and implications can be quantified using the parameter Value of Time (VOT), which equates to a 2 b . In the Singapore survey, VOT = 0.22 and 0.77 $/min for the SMoDS and UberX respectively, and VOT = 0.40 $/min for business travelers in the US [26] , both of which are of the same order of magnitude. This implies that the construction of our synthetic data that combines two different sources, one from Singapore and one from the US, is a reasonable excise.
Another point worth noting is that we have examined the CPT based passenger behavioral model depends on relative pricing rather than the absolute values. Such an examination helps in applying the CPT framework we have proposed and the corresponding observations and implications obtained in this paper in a broader set of problems in SMoDS.
Concluding Remarks
In this paper, we have proposed a dynamic pricing strategy for a SMoDS using Cumulative Prospect Theory, and builds on our previous work in [4] and [5] . The proposed dynamic pricing strategy together with dynamic routing via the AltMin algorithm [4] , provide a complete solution for shared mobility on demand that corresponds to an ideal combination of flexibility, convenience, and affordability. The basic principles of CPT and the derivation of the behavioral model in the SMoDS context were described in detail. The three implications of CPT, including the fourfold pattern of risk attitudes, strong risk aversion over mixed prospects, and self reference, on the dynamic pricing strategy of the SMoDS were delineated via computational experiments. The observations and implications obtained in this paper provide a quantitative framework to analyze subjective decision making of passengers in the SMoDS context and can be generalized to a broader set of socio-technical systems.
Future works will concentrate on the development of H(·, ·|·) which is able to achieve robust regulations of EWT(t) round EWT * , and the investigation of suitable EWT * values that result in an optimal combination of revenue and ridership for the SMoDS platform. The integration of dynamic pricing directly into dynamic routing, and the extension to the case where the server has little information regarding f X (x) are topics for future investigation as well.
Proof of Property 4.2. We prove by definition. ∀γ 1 , γ 2 ∈ R, γ 1 < γ 2 , and R =x + bγ,x ∈ R, according to (7), A s R (γ 1 ) < A s R (γ 2 ). To calculate U s R (γ), all possible outcomes u(γ) = x + bγ shift the same amount b|γ 1 − γ 2 | as R does, hence the contributions to U s R (γ) remain the same as both the weighing and V [u(γ)] remain the same, therefore U s R (γ 1 ) = U s R (γ 2 ), hence p s R (γ 1 ) > p s R (γ 2 ). Since γ 1 and γ 2 are arbitrarily chosen, p s R (γ) strictly deceases with γ.
Proof of Property 4.3. We prove the case where U is discrete. According to (5)- (7) 
